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5
Creating Images with Spatial
Projection Displays
In this chapter, we present the calibration and rendering schemes for various
types of display surfaces. We ﬁrst describe the strategy for planar displays,
arbitrary non-planar displays, and quadric curved displays. Then, we focus
on the speciﬁc projector-based augmentation problem where images are
projected not on display screens, but directly onto real-world objects.

5.1

Planar Displays

In Section 4.2.4 we described a single-pass technique to display onto planar
surfaces. That technique is an improvement over the more general two-pass
rendering method for non-planar surfaces. Here, we present a complete set
of techniques to demonstrate the application of the single-pass method.
First, we show how the technique can be integrated with depth-buﬀer-

(a)

(b)

(c)

Figure 5.1. (a) The display techniques allow for a wide range of configurations
of roughly aligned projectors and displays; (b) example of arbitrary projector
overlaps before calibration; (c) viewer in the final display environment. (Images
c IEEE.)
reprinted from [151] 
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(a)

(b)

Figure 5.2. (a) Traditional projectors are orthogonal and create rectangular
images; (b) oblique projectors create keystoned images.
based visibility computation. Then, we extend the concept of homography,
due to planar homographies, to multi-projector tiled displays, and ﬁnally
we describe some practical methods to calibrate and render such displays.
Projectors are typically mounted so that their optical axis is perpendicular to the planar display surface. Such conﬁgurations are also used in
immersive environments to render perspectively correct imagery for a headtracked moving user. They include CAVE [35], PowerWall [143] (m × n
array of projectors), or ImmersiveDesk (back-lit and tilted desktop workbenches) [36, 146, 1]. By design, typical display systems try to maintain
the image plane parallel to the plane of the display surface. However, this
leads to the need for constant electro-mechanical alignment and calibration
of the projectors, screens, and the supporting structure.
When the projector optical axis is not perpendicular to the display
screen, the resultant image is keystoned and appears distorted
(Figure 5.2(b)). As mentioned in Chapter 3, we will call this type of projection an oblique projection and the traditional projection an orthogonal
projection (Figure 5.2(a)). In general, when a projector is roughly positioned, it is likely to be oblique. Even if the projector is orthogonally
positioned in large display systems, after a period of time it can become
oblique due to mechanical or thermal variations. We can address the problem of rendering perspectively correct images with oblique projectors using
the rendering framework. Our goal is to avoid frequent mechanical adjustments and instead, compensate for the image distortion using the graphics
pipeline. Although techniques to prewarp the images to avoid visible distortion exist, the technique described here achieves the results without
additional cost of rendering or aﬀecting the visual quality. The planar case
of the rendering framework uses the homography between the points on
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the display screen and the projector pixels, induced due to the planarity
of the screen. By using the homography during rendering, we show that
oblique projectors can be used to easily create immersive displays. The
main advantage is that we can use the traditional graphics pipeline with a
modiﬁed projection matrix and an approximation of the depth buﬀer.

5.1.1

Previous Approach

In most cases, the problem of oblique projection is avoided simply by design. The orthogonal projectors create well-deﬁned rectangular images. In
some projectors the projected cone appears to be oﬀ-axis, but the display
screen is still perpendicular to the optical axis. In workbenches [36], mirrors are used, but the resultant image is designed to appear rectangular
(corresponding to rectangular frame buﬀers). Great eﬀorts are taken to
ensure that the projector image plane is parallel to the display screen and
that the corner pixels are matched to predeﬁned locations on the screen.
Similar to the situation with current panoramic displays mentioned in the
previous section, this leads to expensive maintenance and frequent adjustments of the projectors, screens, and the supporting structure. The cost
of the system itself becomes very high because the supporting structure
needed is usually very large and rigid.
When the projectors are oblique, a popular technique is to use a twopass rendering method to prewarp the projected image. In the ﬁrst pass,
one computes the image of the 3D virtual scene from the viewpoint of the
head-tracked user. The result is stored in texture memory and, in the
second pass, the image is warped using texture mapping. This warped
image, when displayed by the projector, appears perspectively correct to
the user. Such two-pass rendering techniques are used for planar surfaces
[181] as well as for irregular display surfaces [38, 147, 149].
The second rendering pass increases the computation cost and, in the
case of immersive displays, it will also increase the rendering latency. In
addition, texture mapping of the limited resolution image of the result of
the ﬁrst pass leads to resampling artifacts such as aliasing and jaggies. Due
to the loss in the visual quality, such two-pass techniques are likely to work
well only when high resolution projectors are used.

5.1.2

Single Projector

When the 3D surface points illuminated by all projector pixels lie in a plane,
we can use an algorithm that avoids the additional texture mapping stage.
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The following method achieves the result using a single rendering pass.
A complete application of this algorithm, including the issue of visibility
determination, is discussed later.
Let us re-visit the problem of rendering images of a virtual point V for
a user at T . In this case, the display surface is represented by a plane Π,
however, the optical axis of the projector may be oblique with respect to
the display plane. Since the projector pixel mP illuminates the point M
on the screen, the corresponding rendering process should map point V to
pixel mP . This can be achieved in two steps of the rendering framework.
First, compute the image of V from the user location T , which we denote
by mT using the view frustum PT . Then, ﬁnd the mapping between mT
and mP (Figure 4.6).
A simple observation is that the two images of a point on the plane
(such as M ) are related by a homography induced by the plane of the
screen. Hence, the two images of any virtual point V , mT computed using
PT and mP of the projector, are also related by the same homography.
The homography is well known to be a 3 × 3 matrix deﬁned up to scale,
which we denote by A [44]. This observation allows us to create a new
projection matrix for rendering. The projection matrix is a product of an
oﬀ-axis projection matrix, P˜T (from the user’s viewpoint) and the 3 × 3
homography matrix, A. There are various ways to create the projection
matrix P˜T and the corresponding homography matrix A. We describe a
method that updates PT as the user moves, but the homography matrix
remains constant.
Orthogonal projection. The ﬁrst step in creating image mT for V for a
given user location is the same as the process for displaying images assuming orthogonal projectors (Figure 5.3). The method is currently used in
many immersive display systems. Here we describe a more general technique. This technique also deals with a possibly non-rectangular projected
image due to keystoning.
Let us consider the deﬁnition of P˜T for the user at T . Without loss
of generality, let us assume that the display plane Π is deﬁned by z = 0.
First, create an (world coordinate) axis-aligned rectangle S on Π bounding
the keystoned quadrilateral illuminated by the projector (Figure 5.4). The
projection matrix is speciﬁed by the view frustum pyramid created by T
and the four corners of S. Thus, T is the center of projection and S on Π
is the retinal plane. As the user moves, S remains the same, but T , and
hence the projection matrix P˜T , are updated.
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Figure 5.3. For orthogonal projectors, a simple oﬀ-axis projection can be used.

If the projector is orthogonal, S can be the same as the rectangular
area illuminated by the projector. However, even if the area is not rectangular (because, say, the shape of the frame buﬀer chosen for projection is
not rectangular), the projection matrix P˜T can be used to render correct
images.

Figure 5.4. Deﬁning PT using axis-aligned bounding rectangle S.
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Homography. In the second step, the image calculated assuming an orthogonal projector is corrected to compensate for the oblique projection
using homography. The homography—between an image created with P˜T
and the image to be rendered in the projector’s frame buﬀer—is induced
due to the plane of the screen. The homography matrix, A3×3 , is well
known to be deﬁned up to scale and maps pixel coordinates from one image to a second image [44, 33]. We need to compute the eight unknown
parameters of A3×3 that relate the two images of V : mT due to P˜T , and
its image in the projector, mP .
mP ∼
= A3×3 mT ,


a11 a12
mP x
 mP y  ∼
=  a21 a22
1
a31 a32




mT x
a13
a23   mT y  .
1
1

where the symbol ∼
= denotes equality up to a scale factor. Note that
the choice of view frustum for P˜T makes this homography independent
of the user location and hence remains constant. If the three-dimensional
positions of points on Π illuminated by four or more pixels of the projector are known, the eight parameters of the homography matrix, A =
[a11 , a12 , a13 ; a21 , a22 , a23 ; a31 , a32 , 1], can be easily calculated. Since the
homography matrix remains constant, it can be computed oﬀ-line.

5.1.3

Single-Pass Rendering

We would ideally like to compute the pixel coordinates mP directly from
the 3D virtual point V . This can be achieved by creating a single 3 × 4
projection matrix, AP˜T . Let us consider how this approach can be used
in the traditional graphics pipeline. We need to create a 4 × 4 version of
P˜T , denoted by PT and of A, denoted by A4×4 . As a traditional projection
matrix, PT transforms 3D homogeneous coordinates into 3D normalized
homogeneous coordinates (4 element vectors). Typically, one can obtain the
pixel coordinates after the perspective division. We create the new matrix,
A4×4 to transform these normalized 3D coordinates (without perspective
division) to the projector pixel coordinates but try to keep the depth values
intact:


a11 a12 0 a13
 a21 a22 0 a23 
.
A4×4 = 
 0
0 1 0 
a31 a32 0 1
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(b)

Figure 5.5. (a) First step using simple oﬀ-axis projection matrix PT ; (b) in the
second step, warp using homography A. The modiﬁed projection matrix is APT .
The complete projection matrix is PT = (A4×4 PT ). (It is easy to verify that [mP x , mP y , mP z , 1]T ∼
= A4×4 PT [V, 1]T .) This achieves the desired
rendering and warping using a single projection matrix without additional
cost. It is more eﬃcient than using the general rendering framework which
requires two rendering passes. Since the image in the frame buﬀer is generated in a single pass, there are no resampling artifacts. Finally, when the
image is projected on any surface coplanar with Π, the displayed virtual
object appears perspectively correct. This approach is suﬃcient to render
correct images of virtual three-dimensional points.
However, if the visibility computation is based on the traditional depth
buﬀer or z-buﬀer, one important modiﬁcation is necessary. In this modiﬁed
algorithm there is a third logical step. In the ﬁrst step, we compute the
image of the virtual three-dimensional scene assuming the projector is orthogonal (Figure 5.5(a)). Then, we warp this image to compensate for the
oblique projection using the homography between the display plane and
the projector’s image plane (Figure 5.5(b)). The depth values are also affected due to the warping, and hence, in a third step, they are transformed
so that they can be used for visibility computations.
However, all three steps can be implemented using a single 4 × 4 projection matrix as in traditional rendering using graphics hardware. In this
section, we focus on an application that involves a front-projection display
system, but the techniques are also applicable to rear-projection systems
such as CAVE or Immersive Workbenches.
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Visibility Using Depth Buffer

Although the approach described in Section 5.1.2 creates correct images of
virtual three-dimensional points, it is important to note that the traditional
depth buﬀer cannot be eﬀectively used for visibility and clipping. Let us
consider this problem after we have rendered the image as described in
Section 5.1.3.
Problems with depth buffer. As we saw earlier, a virtual point V is rendered using a projection matrix PT = A4×4 PT (Figure 5.5(b)). The depth
values of virtual points between the near and far plane due to PT are
T
mapped to [−1, 1]. Assume [mT x , mT y , mT z , mT w ]T = PT [V, 1] and the
corresponding depth value is mT z /mT w ∈ [−1, 1]. After homography, the
new depth value, is actually
mP z =

mT z
,
(a31 mT x + a32 mT y + mT w )

which (1) may not be in [−1, 1], resulting in undesirable clipping with near
and far plane of the view frustum, and (2) is a function of pixel coordinates.
Let us consider the problem of interpolation during scan conversion
in traditional rendering. The depth values (as well as color, normal, and
texture coordinates) at a pixel need to be computed using a hyperbolic
interpolation. Homogeneous coordinates along with a 4 × 4 perspective
projection matrix (such as PT ) achieve hyperbolic interpolation of depth
values using a simpler linear interpolation (of the reciprocal of the values).
In our case, when using a projection matrix PT = A4×4 PT , we are performing two successive hyperbolic interpolations; ﬁrst for the perspective
projection and second for the homography. At ﬁrst, it may seem that a
single 4 × 4 matrix would not be able to achieve the required interpolation.
Fortunately, while the ﬁrst matrix PT introduces a hyperbolic relationship
in the depth (or ‘z’) direction, the homography matrix A4×4 leads to a
hyperbolic increment along the x and y coordinate axis of the viewing coordinate system. Thus both depth as well as screen space transformation
can be achieved with a single 4 × 4 matrix.
Thus, although the homography does not introduce any inaccuracies in
interpolation of depth values in the frame buﬀer, the clipping with near
and far planes creates serious problems; some parts of virtual objects may
not be rendered.
Approximation of depth buffer. We can achieve the rendering and warping
in a single pass, however, using an approximation of the depth buﬀer.
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Figure 5.6. The plot shows depth buﬀer values along a scan line for points
along constant depth: (a) using PT ; (b) after homography, A4×4 PT , the depth
values range beyond [−1, 1]; (c) with an approximation of depth buﬀer, A4×4 PT ,
traditional graphics pipeline can be used to render perspectively correct images
for a tracked moving user.

The rendering framework described the choice of view frustum for PT
based on a rectangle S. This chosen rectangle bounds the projected keystoned (quadrilateral) area (Figure 5.5(b)). Since S is larger than the displayed imagery, the normalized x and y coordinates due to PT , mT x /mT w
and mT y /mT w ∈ [−1, 1] for points displayed inside S. Hence,
(1 − |a31 | − |a32 |)mT z
∈ [−1, 1].
(a31 mT x + a32 mT y + mT w )
This scale factor makes sure that the resultant depth values after warping with homography are ∈ [−1, 1]. This will avoid undesired clipping with
the near and far plane. Further, by construction of PT , the angle between
the projector’s optical axis and the normal of the planar surface is the same
as the angle between the optical axis and the normal of the retinal plane
of the view frustum for PT . To summarize, the modiﬁed projection matrix
is A4×4 PT , where


A4×4

a11
 a21
=
 0
a31

a12
a22
0
a32


0
a13
0
a23 
.
1 − |a31 | − |a32 | 0 
0
1

(5.1)
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Multiple Projectors

We can extend the same single-pass rendering and warping technique to
register multiple overlapping projectors to create larger displays on a planar
wall. In this section, we describe a necessary modiﬁcation. More details
are also available in [156]. Some popular systems using m × n arrays of
projectors are PowerWall [143] and Information Mural [71]. The major
challenge is matching the two images so that the displayed image appears
seamless. Again, this is typically achieved with rigid structure which is
diﬃcult to maintain and needs frequent alignment. We can instead use
roughly aligned projectors or even relatively oblique projectors.

Figure 5.7. Homography between overlapping projectors on planar display
surface.

Consider two overlapping projectors creating seamless images of virtual
three-dimensional scenes on a shared planar surface (Figure 5.7). Let’s say
the projection matrices for the two projectors are P1 and P2 . We exploit
the homography between the images in the two projector frame buﬀers. If
the 3 × 3 homography matrix mapping pixel coordinates from projector 1
to those in projector 2 is A21 , then the 3 × 4 projection matrix P˜2 can be
replaced with P˜2 = A21 P˜1 .
Note that, as we have seen earlier, although the corresponding 4 × 4
matrix P2 will create correct images of three-dimensional virtual points, we
cannot use the traditional depth buﬀer for visibility and are forced to use
approximated depth values. If P1 itself is a result of oblique projection,
so that P1 = A4×4 PT , the corresponding homographies A3×3 , and A21
are used together. We will say A21T = A21 A3×3 . We ﬁrst create the
corresponding 4 × 4 matrix A21T −4×4 (similar to Equation (5.1)). We then
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replace P2 with P2 = A21T −4×4 PT to achieve correct rendering, warping,
and depth buﬀer transformation. In practice, since it involves only eight
unknown parameters, it is easier to compute the homography A21 than to
calibrate the projector and compute the projection matrix P2 .
It is also necessary to achieve intensity blending of overlapping projectors. The complete problem of intensity feathering was addressed in the
last section under generalized panoramic displays. In this case, however,
due to the exact mapping deﬁned by A21 , it is very easy to calculate the
actual quadrilateral (or triangle in some cases) of overlap on the screen
as well as in the projector image space. The intensities of pixels lying
in this quadrilateral in both projectors are weighted to achieve intensity
roll-oﬀ [97, 27, 185] and necessary blending. The technique for intensity
blending in the case of two-pass rendering are described with more detail
in Raskar[149] and Surati[181] and are applicable here for a single-pass
rendering with minor modiﬁcations. The undesired parts of the projector
image, for example the corners of projected regions outside a deﬁned display region, can be truncated to create large and rectangular imagery with
multiple projectors. The region in the projector frame buﬀer is masked oﬀ
by rendering a black polygon at the near plane.
Implementation. We describe a case study of a multi-projector planar screen
display [151]. We implemented a system consisting of three overlapping
projectors displaying images on a 12 × 8 foot planar screen. The user is
tracked with an optical tracking system. The homography between the desired image for the user and the ﬁrst projector’s frame buﬀer is calculated
using approximately eight points. The mapping between overlapping projectors’ pixels (again described by a homography) are actually computed
by observing individual pixels of each of the projectors with a camera. The
camera ﬁeld of view covers the projection of all three projectors.
During preprocessing, one needs to compute the extent of projector
illumination in world coordinates (WC), the transformation between the
tracker and WC, and the homography A3×3 . There are many ways of
computing the homography and tracker-WC transformation. For example,
one can have predeﬁned locations on screen with known three-dimensional
coordinates (e.g., corners of the cube in CAVE or a ruled surface on a
workbench). In this case, one can manually, or using a camera-feedback,
ﬁnd which projector pixels illuminate these markers and then compute the
unknown parameters. The origin in world coordinates is deﬁned to be near
the center of projection of the ﬁrst projector.
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Usually predeﬁned markers are not available, for example, when one
wants to simply aim a projector at a screen and render head-tracked images. We describe a technique that computes the homography and transformation simultaneously.
Assume the screen deﬁnes the WC: the plane Π ≡ z = 0 and origin
(preferably) near the center of projected quadrilateral. We take tracker
readings of locations on the screen illuminated by projector pixels. We will
compute the transformation between the tracker and WC. Let us denote
the tracker reading for a three-dimensional point M by M trk .
• Assign one of the measured locations illuminated by a projected pixel
as the origin of WC, O, (the tracker measurement eﬀectively giving
the translation between origins in both coordinate systems).
• To ﬁnd the relative rotation, ﬁnd the best-ﬁt plane in tracker coordinates for the screen, the normal to the screen denoted the by vector
r3.
• Assign one illuminated pixel in an approximate horizontal direction,
Mx , as a point on the WC x-axis.
• Find the vector Mxtrk −Otrk in tracker coordinates, normalize it to get
vector r1. The rotation is R = [r1; r3 × r1; r3]. The transformation
is [R (−R ∗ Otrk ); 0 0 0 1].
• Find the three-dimensional coordinates of points on the screen illuminated by projector pixels
• Finally, Compute the homography A3×3 . The homography allows the
computation of extents of projector illumination in WC.
Wei-Chao Chen at the University of North Carolina (UNC) at Chapel
Hill has implemented a stereo display using two completely overlapping
projectors. One projector is used to display images for the left eye and
the second for the right eye. The two images are distinguished by using
polarizing optical ﬁlters on the projectors and eyeglasses. He computed
PT for each projector and the common homography matrix A3×3 using the
UNC HiBall tracker. The same tracker is later used for tracking the user’s
head-motion [30].
For multiple overlapping projectors, we actually used a camera to ﬁnd
the homography between the projected images, and we also use the same
information for computing weighting functions for intensity blending. The
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use of camera feedback for multiprojector displays is described in more
detail later.
Summary of techniques. The sequence of steps suggested for using a single
oblique projector to create a planar immersive display are given here.
During preprocessing:
• Turn on (four or more) projector pixels, mP 1 ...mP n and ﬁnd, in
tracker coordinates, the position of the illuminated three-dimensional
points on the plane, M1 ...Mn .
• Compute the equation of the plane and transform the coordinate
system so that it is coplanar with Π ≡ z = 0. We will denote the
transformed points by MiΠ .
• Find the homography, AΠP , between MiΠ and mP i . Using AΠP ,
compute three-dimensional points on Π illuminated by corner pixels
of the projector. Then ﬁnd the axis-aligned rectangle, S, that bounds
the four corners of the illuminated quadrilateral (the min and max of
x and y coordinates).
• For a random user location T , compute PT for a frustum created with
S. Find normalized image coordinates mT i = PT MiΠ . Compute the
homography A3×3 , between mT i and projector pixels mP i . Create
A4×4 from A3×3 using Equation (5.1).
During run-time at every frame:
• Update T for the new user location and compute PT (using a graphics
API function such as glFrustum).
• Use A4×4 PT as the new projection matrix during rendering.
As one can see, the only human intervention involved is ﬁnding the threedimensional tracker readings Mi for screen points illuminated by four or
more projector pixels mP i .

5.1.6

Applications

The new techniques can easily be used in current immersive display systems. For example, in immersive workbenches, it is much easier to take
tracker readings at a few points (illuminated by the projector), compute
the homography oﬀ-line, and then use the modiﬁed projection matrix for
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the rest of the session. There is no need to worry about achieving some
predeﬁned alignment of the projector.
In CAVE, one can roughly align projectors so that they actually create
images larger than the usable size of the screen. Since the usable screen
sections are already marked (we can assume that the markers are stable
unlike the conﬁguration of the projectors and mirror), one needs to only
ﬁnd the projector pixels that illuminate those markers. The corners of the
cube also allow geometric continuity across the screens that meet at right
angles. The part of the imagery being projected outside the usable screen
area can be masked during rendering.
Finally, this technique is useful for quickly creating a simple immersive
display by setting up a screen, a projector, and a tracking system. For
stereo displays, the oﬀ-axis projection matrix PT is diﬀerent for the left
and right eyes, but the homography matrix A3×3 remains constant.

5.1.7

Issues

The techniques are valid only when the assumed pinhole projection model
(dual of the pinhole camera model) is valid. However, as seen in Figure 5.8,
this assumption is valid for even low-cost single-lens commercial projectors.
However, projectors typically have a limited depth of ﬁeld and hence, when
they are oblique, all pixels may not be in focus. The imagery is in focus
for only a limited range of angles between the screen plane normal and the
projector optical axis. The intensities across the screen are also not uniform
when the projector image plane is not parallel to the screen. However, this
can be compensated for by changing the intensity weights during rendering
(using, for example alpha blending). In the case of a multi-projector tiled

(a)

(b)

(c)

Figure 5.8. For a given plane of focus, a projector can be treated as a pin-hole
device. The pictures here show experimental veriﬁcation of linear perspective
projection: (a) straight line segments in image plane appear straight on a planar
display surface; (b) further, line segments projected by overlapping projectors can
be aligned to sub-pixel accuracy using homography; (c) example of overlapping
text in a warped image.
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(a)

(b)

Figure 5.9. (a) Images displayed by an oblique projector which created keystoned imagery corrected using homography; (b) displayed image without and
c IEEE.)
with intensity blending. (Images reprinted from [151] 

display, the alpha blending is performed for the overlap region, and hence
it can be extended to include intensity correction for an oblique projector
without any additional cost. The transformation of depth-buﬀer values
essentially reduces the usable range of depth values, and hence the depth
resolution is also decreased. In terms of resolution, rendering speed, and
visibility computation, the displayed images were visually equivalent to
those generated by orthogonal projection systems.

5.1.8

Discussion

The technique presented in this section allows rendering correct images
even when the projectors are positioned without any precise alignment.
Techniques for prewarping the images using a two-pass rendering are already available. However, the two major advantages of this technique are
that it does not increase the cost of rendering and does not introduce resampling artifacts such as aliasing. The possibility of rendering images
with oblique projectors that are visually equivalent can eliminate the need
for cumbersome electro-mechanical adjustment of projectors, screens and
the supporting structure.
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